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Introduction

M any laser systems operating in the atmospher e can be degraded

by atmospheric tu r bulence. For example , target-illumination systems,

communication systems, radar systems, and others may be severely

affected by turbulenc e effects which include beam spreading and scintillation.

Sinc e beam spreading and its associated on-axis irradiance degradations

are of practical interest, a detailed theoretical description of the im-

proved on-target i rradiance characteristics resulting from cancellation

of turbulence-induced beam wander effects is desired. Previous treat-

ments ( L 4 )  of the atmospheric induced laser beam spreading have been

concerned mainly with the determination of the long-term average beam

spread , i. e . ,  the effects of both beam breathing and wander are included.

A previous semi-quantitative analysis~
5
~ indicates that the

• short- term averag e beam spread (beam spread with a wander correction)

rapidly approache s the long-term average beam spread as the strength

of turbulence increases.  Thi s is contrary to the result of recent un-

published experiments~
6
~ and the theoretical analysis presented below.

Rathe r than treating the short-term average beam spread alone, the

c omplete analytic expressions for the short-term ave r ag e (i. e., beam

wander cancelled) ir r adiance profile of a focused laser beam transmitted

through isotropic homogeneou s turbulence for a general aperture dis-

tribution (and in particular for three specified aperture functions ) will

be derived. Then,shor t-te r rn laser beam spread may easily be determined

from .the lie value in ir r adiance.

Following previous discussions , (5 , 7) an optical beam interacts

with atmospheric refractive inhomogeneities of all scales. Turbulent

eddies having characteristic dimensions greater than the beam diameter

-3-
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lead to refractive effects  (beam wander); these large-scale inhoniogeneitie s

lead to net wavefront tilt. In this case, there is no bean-i breathing and H

the only effect is that the entire beam dances around its unperturbed

position. Conversely, eddies having characteristic dimensions less than

the beam diameter lead to diffract ive effects (breathing) about the instan-

taneou s center of energy.  The te rm long-term-average is used to imply

averages over a time long compared with  all fluctuations of interest

(i. é., over all possible ensembles that the index-of-refraction fluctuations

can possibly as sume). This means that the effects of beam tilt (wander)

and beam breathing are included in the analysis of the propagation pro-

blem when the long -term averag e is taken. Here, however , we are con-

cerned with the short-term average irradiance profile about the instan-

taneous center of energy of the focused beam. This case is of physical

interest when the beam dances as a whole and does not break up into

multiple blobs , i. e.,  when amplitude fluc tuat ions are small as in the

near field of the effective coherent transmitting aperture. This is

equivalent to the requirement that the propagation distance z < < kt 2 where

k is the optical wave number and £ the smaller of the initial transmitted

beam diameter (D) or the long-term sphe r ical wave later al coherence

length~ 
5) ( p 0). This is equivalent to the statement that the variance in

the log-amplitude of a spherical wave is much less than unity << 1.

(Sharp angular brackets denote the ensemble average and we will drop

the subscript 8 , indicating spherical wave, in the rem ainder of this

paper. ) Finally, sinc e turbulent eddies of characteristic dimensions

greate r than the beam diameter D are responsible for producing tilt,

the short-term average will imply averages performed ove r a time

-4-
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shorter than D/V~ . where V is the normal wind velocity (i. e.,  assuming

a frozen turbulence model). This indicates that the shor t - term average

exc ludes the effect of beam wander.

General considerat ions regarding the ir r adiance profile are dis-

cussed in Section 1, where it is shown how the short-term average irradiance

profile depends on the modified phase structure function. In Section II,

thi s modified, or short-term average, structure fu nction and therefore

the mutual coherence function (MCF) of a spherical wave is shown to be

a function of not only the difference coordinate (i), of two arbitrary

points in the aperture, but is als o a function of the corresponding sum co-

ordinate (ii). This is contrary to the results employed by Fried~
7
~ where sta-

tistical independence of pbasewith ti.ltrernoved and the random vector Tdefinin g

tilt was assumed. To proceed further , a Kolrnogorov spectrum of tu r-

bulenc e is assumed and three specific forms for an aperture fu nction are

employed to determine the modified MCF. Using the modified MCF ,

expressions for the short- term averag e irradiance profiles are presented

in Section III. The aperture functions UA considered are uniform with

finite cutoff and obscuration, gaussian with finite cutoff and obscuration,

and inf inite gaussian with semi-gaussian obscuration. A numerical

example is provided for the case of the trunc ated gaussian with obscuration

for various values of normalized strength of turbulence ( € )  vary ing be-

tween 0. 1 and 10. 0 where s = D /p 0. For comparison the long - te rm

irradiance profile s will be exhibited for the same cases. Plots corn -

paring the center of ene r gy irradiance values and beam half width for

various cases are also presented.

—5—
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The present  analysis  is res t r ic ted to a weakly inhom ogeneou s

medium with charac ter i s t ic  scale lengths much greater  than the optical

wavelength. In addition , it is assumed that the characteristics of the

medium do not chang e appreciably during an oscillation period of the

optical field at infrar ed and visible wavelengths. Thi s condition is well

satisfied in the atmosphere. The electromagnetic  field considered has

a time dependence given by the mult iplicative factor exp(-iwt) .  The

time-dependent  wave equation is rep laced by the He]mholtz equation for

an inh omogeneous medium having an electrical conductivity and magnetic

permeabili ty equal to zero and one , respectively. Only the case of the

propagation of a scalar field in a fluctuating medium is discussed. Pro-

files are calculated at the focal point with extension to non-focal  points

being s t ra ig htforwar d though nontrivial. For simplic ity a spatially

hom ogeneou s turbulent  medium is assumed.

I. General  Considerations

The short- term, long-term, and Fried’s approximation * to be

shor t - te rm irradianc e profile are obtained from the extended Huygens-.

Fresnel  principle of Lutomirski  and Yura~
2
~. From this princ iple , the

instantaneous field due to an arbit rary  complex aperture distribution

can be computed by superimposing wavelets that radiate from all elements

of the aperture. The properties of the medium appear only in the propa-

gation properties of the sp herical wavelets thus separating the geometry

of the problem (aperture distribution) from the propagation problem.

The instantaneous i rradiance at a point ~~located in the p lane perpendicular

to the z-axis at a propagation distance z from a t ransmit t ing  aperture is ,

~The use of the words “Fr ied’s approximation” is used in the context that
one employs the approximations made in Ref . (7 )  for the modulation t r ans fe r
function (MTF) to the MCF used here to find the irradiance profile . Fried
never made beam calculations , he calculated the MTF in short exposure
imagery.

-6- 
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in the paraxial approxirnation~
2
~,

I(~~) = E 
~~~~~~~~~~~~~~~~~~~~~~~~~~ ~;)] 

exp [~~ ( ÷ - -i) (r~~~~r ) ]

(1)

x exp [~c~i ) + ~tt *(~~~)] U A(i
~l

) U~~~(~~~) d2 Fj d 2 
- 

-

where UA 
(‘~j )  is the specified initial c omplex aperture amplitude distribution,

and ~,(i~~) are the perturbations in the field at~~~due to the atmosphere

for unit spherical  waves propagated from 
~~ 

and ~~~~~~, f is the focal range , k is

the propagation constant 2 ’rr/X with ~. the wavelength ,and for  convenience the

constant E is chosen suc h that the total power tr ansmitted through the aperture

is a constant irrespective of obscuration or type of aperture function.

In Eq. ( 1)  we have neglected derivatives of the perturbations i4~ with

respect to the propagation distance as they are small quantities compared

to ~~~~~ After an average is performed over a time that is long compared

with all fluctuation periods of interest (over all possible ensembles that

the index-of-refraction fluctuations can possible assume), the long-term

(LT ) mean irradiance profile [fo r the focused case (f = z) }  is ob tained

from Eq. (1)  as

k 2 1 ikV . (
~j -r2 )1

E~~~~j) 55 exp [- j M LT (
~’j ,~~~

, z)

H (2)
_ 2 ... 2_X U

A
(r

l ) U
~~~

(rZ) d r
1 d r2

whe re M LT is the long-term MCF of a spherical wave located at the

point ‘~~~~ and obs erved in the aperture plane at and ~~~ (2)  For the case

of homogeneous isotropic turbulence

_  
_  _  

_ _  

j
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MLT (
~~i P ~~~~

, Z) M~~~(p, z)  exp [- ~~
- D~ (P.z)] (3)

where p is the magnitude of 
~~ 

‘l 
- r 2 and D~,(p, z) is the wave structure

function defined as the sum of log-amplitude and phase structure functions:~
8
~

D,1, = D
x 
(p,z) + D

0 
(p,z)  (4)

For the Kolmogor ov spectrum in the inertial subrange, it has been shown~
5
~

that

2 (p / p0) 513 
(5 )

where p0 is the LT lateral  cohe r ence length defined in Eq. (14) of Ref. 1.

It can be shown~
9
~ that the phase-structure function Dip)  (we drop the

explicit z dependence) can be wr i t ten  as

~~‘ (p )  D~, ( p )

where ci(p) varies smoothly between I for z << kp2 to 1/2 for z >> kPa

In this paper we have alread y assumed that z << k2 2 which implies that

for all significant values of p, 
~‘(p) = 1 and that the log-amplitude

F variance (x 2 ) << 1.

What is of more interest here, however, is the irradiance dis -

tribution obtained on a shor t- te rm basis for which the tilt of the wave -

front  has been rem oved , for  example by reciprocity tracking. This is

accomplished by formulation of a precise stat ist ical  definition of the

deformed wavefront “ shape” in terms of a serie s of polynomials, as

defined by Fried. (10)  
The instantaneou s wavefront tilt can be represented

in terms of linear polynomials and this tilt is removed f ro m  the

-8-
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wavefront phase by defining

(6)

where Tis a random vector related to 0(7) in such a manner that V ~~gtves

the best fit to 0(7) in terms of a least-squares difference over the aperture ,U°)

i. e.

-
~
i_ 

f 
d2 r W(~’) [0 (~~ - T~~12 

= 0 (7)

This implies that the i-th component of the vector defining tilt ( i = x, y)

is

2 (8)
I 

fr.W(i~)d ~~

where W(~~ is a real aperture function defined such that W is porportional

to U
A
(7) ~~~

. It is not necessary to normalize W as the normalization

factor cancels in the definition of B1 (Eq. 8). The above choic e for W was

made to maximize tilt removal. Other choices were considered during

this study but were found to give non-optimum results.  With tilt removed

the resulting beam profile is determined by the geometry of the problem

(the arbi t rary complex aperture distribution) and the propagation problem

( diffractive scatte r ing by eddies having characteristic dimensions less

than the order of the beam diameter). The use of the extended Huygens-

Fresnel principle separates these two problems .

Averaging Eq. (1 )  for  times short compared to D/v~~ the short-

term (ST) irradiance profile is obtained for f = z as

-9-
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2 ikV. (i~ -r ) 1
= E 

~~ ) J’f exp 
~ 

1 2 j MST (1 i, T z
)

(9)

x UA(rl) U~~ (r2 ) d2 
~j d2?~

where

= <exp($(F ’j ) + $*(?~ - iT. (Fj - ~~) 1~ 
(10)

is the “effective short-term ” ave rage MCF of a spherical wave located at

point~~~obse rved in the plane of the transm itting aperture.

II. Short Term Average MCF

To be general , Eq. (10) is rewr itten to exhibit the dependenc e on

phase and log-amplitude: 
-

MST (
~~j~~~~

) = < exp x(~~j )  + x ( )  + i[0(7j) - 0(s ) - ~~~~ 
~~l 

- rZ)] 1 > (11)

As in Ref. 7 it is assumed that T, like x and 0, is normally distr ibuted.

Furthermore, the distribution of [0(i?1) - ~~~ -
~~~~~ 

(~ -~~
) is independent of

the distribution of [~(Fj ) + x(~~~ )], s inc e we have assumed that the tur-

bulence is locally isotropic and homogeneous . In contrast to Ref. 7, it

is not assumed here that the distribution of T is independent of the dis-

tribution of [0(i) - B . ? ]. Using conservation of energy, it is then easy

to show that

MsT (
~~~~~

) = exp 
~
- -

~ 
[D (p) + D

~
(
~~i,~~z)]I 

(12)

where D
~ (rj ,1

~
) the modified phase structure , given by

D~
(r1~~~

) ([~~(~~ ) - (~~~)] 2 ) (13)

= ([0(r1) - 0(T )]2 ) + ((r~)2 ) - 2 ~T(0~~ ) - 0(~~)])

-10-
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Substituting Eq. (8) into Eq. (13) and assuming that the aperture

function W is circularly symmetric, the modified phase structure function is

given by

D (r~,~~~) = D0( p )

- 
A2 if (

~~
.
~~~

‘) W ( r ) W ( r ’) D~(~7-~~ I) d2 r d 2 r’ (14)

+ A~~.[f~~ W ( r )  D0 (IT_ ~‘j~) d2 r _f F W ( r )  D0 (Ir- ~
l) d2

r]

where

A = (rT fr
3 W(r ) dr) 

1 
(15 )

Equation 14 may be rewritten through the use of symmetry in the

angular var iable as

D
~
(
~~~~

) = D0(p )  J~ p2fJ(~~~. j ?’) W ( r ) W ( r ’) D0
( j ~~~-~~

’l ) d 2
~~~d

2P ’

(r.~) 2+A ~ 2 J 7 1 .rW (r)~
)0 ( f 7_ ~i t ) d r  ( 16)

_ _ _ _  

2- 2 
z 5~~2

.i?w(r) D0 (I7~~i~~I) d  r
r2

where ~~ = 
2 and as above ‘

~~~ 

7~ - r2. Note th at the factor multi-

plying p2 in Eq. (16)  is a constant while the factors multiply ing ~~
‘• 

~~~~~ and

~~ are functions of only ~j and i~ ,respectively. The “effe ctive” short-

term structure function is given by D
x 

+ D
~ 

= D~, + A, where D
* 

is the long -

term wave structure function and A represents the effects of tilt removal

and is given explicitly by the integral terms in Eq. ( 16). The details

of obtaining the short-term spheric al wave MCF for specific choices of

W is left to the Appendix.
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III. Irradiance Profiles for Specified
Aperture Distr ibutions

In this section the expressions for the short-term irradiance pro-

files for a focused beam transmitted through isotr opic homogeneous tar -

bulenc e is presented for the case of a truncated-obscured uniform amplitude

aperture distribution, the cas e of a truncated-obscured gaussian amplitude

aperture distribution with a gaus sian intensity halfwidth of 
~~~~~

, and the case

of an infinite gaussian with a gaussian halfwidth given by b and with semi-

gaussian obscuration. (The expression for the amplitude aperture dis-

tribution for thi s cas e is given by

2 2 /  2 2
-r /21 i -r  /aUA =Q l e ~l - e

where is a constant determined by the normalization of the irradiance

profile). The three cases above are designated by the symbol V ( 1, 2 , 3).

For cases \i = 1, 2 the truncation and obscuration radii are given by b and a,

respectively. These amplitude aperture functions and the corresponding

effective short-term MCF are substituted into Eq. (9) to obtain the

irradiance profiles. To simp lify the expression, a change of integration

variables in Eq. (9)  is made from and to the sum and differenc e co-

ordinates ‘

~~~~ and p .  Fur the r , the integrals are made dimensionless and

dimensional factors are included into the constant E. To ac complish this ,

~ is divided by b and ~~ by 2b. Although the same symbols will be used

in the integration to determine irradiance , they are now dimensionless.

The short-term MCF corresponding to the three aperture distributions

is given in term s of the dimensionless ~ , ~ from Eqs. ( 12) and ( 16) by

-12-
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MsTV (
~~~~) = exp (  - ~~~~~ (p ~~

3 + C ~ P
2 )

(17)
. 5/3

~~ 
G~,(r~ ) ~~~~~~~~~ 

~~~~

where e = Zb/ p0, r1 ~~ + ~~ and = - ~~~~~ C~ and G V(x) are given in
the Appendix , and the Kolrnogorov spectrum of turbulenc e is assumed.

Note that for the Kohnogorov spectrum, the long-term average MCF is

obtained from Eq. (17) by setting both C~ and G V = 0 while Fried’s approxi-

mation~
7
~ to the short- term average MCF may be obtained from Eq. (17)

by chang ing the sign of C
~ 

and setting G
~ 

= 0.

The expressions for the short-term ave r age focused irrad iance

profiles for cas es V = 1, 2 are obtained from Eqs. (9) and (17) in a manner
similar to that used in the Appendix for obtaining the quantity CV and are

presented without further comment

= 

~~ (~b2)
2

{
~ z 

~

r 1 cos~~ p

X [5B~(P) PdP5 dO1 ~~~~~~ ~~-~~~
)RdR

0 0 psecO

-1 p

+ 
5 

B~~( p ) p dp/ d0
~~~ece 

H~ (~~~, ~~ -~~~) RdR
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~~1

1 +6  6

- 

2 
3V ( p) p dp S  dO H v (i~ ~ +~~) RdR

1+6
( 2  / ,~ i~

’

B~~(p) p dp ( J  d O )  HV (
~~.~~~ +~~

) RdR (18)

1-6  \o 0

-f  dO 
J 

HV (~~, ~~~~~ ) RdR)]
J0 2 psin~~cscc~

where

B (p)  = J (ZkPb P) exp [- ~~~~~ (p~~~3 + c 1 
p 2)] ,

= 

~0 (
2kPb P) e,p [- ~~~~~ (p~

’
~ + c2 p~~)] e

3
~~ ,

5/3
H1 ~~~~~~~ = exp~ ~~ 

[p’. i~ G~~(r~) - ~~
. Z~ G~ (r e )]

H2 ~~~~~~ 
) = exp i (-~ )5/ 3 tr i~ G2(r1) - ~~~~~ ~~ G2 (rz )lt ~~~~~~

S1 = (1 -

~ [ _ (8B~~)
2 -l

SZ B
QL.

e - e
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- l f l - 4 p 2 - 6 2\
~~~~~~ \ 46p J

-1 / I + 4 p 2 - 6 2 \
O cos 4 )

~~~~~ - 6 , 6 a/b

= b /o’~ is the ratio of the aperture radius to the transmitted gaussian

intensity halfwidth, P is the total power transmitted through the aperture,

G1, C1, G2~ 
and C2 are defined in Eqs. (A.8), (A. 17), (A. 20), (A.Zl),

r espec tively and the ang le between ~ and ~~ is denoted by 6.

For the case of the infinite gaussian (V  = 3), the short-term

irradianc e profile is given by

(13 (p)) ST =
~~~~~~~ (n i~2 )

2 

j .~~~~~

. s3 f 
j

0 
(2kb PP) exp [~ ~~~~~~~~~~~ + c 3 p2)]

x [e~~ J 
e~~~ RdR J H 3 (~~, 

‘
~~~) de

- e~~
2 

fe
Et2 

RdR
f (e ~~ + p ) 2 62 

+ e ~(R~~P ) Z ôZ) H3 (p~ ~~
‘ )

0 0 (1 9)

( b )
2 ~ 

(
~~

)
2

+ e e 
f 

e e RdR 
$ 

H3 (
~~, ~~

) dO J p d p
where

H3 = exp [ +~~
‘
~~ G3 (r~ )~~ ~j - G3 (r 2)~~

2 2
_ i

S3 = - 2 (
~

-) + (
~

) ]
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and C3, G 3, c and e are defined in Eqs. (A. 29), ( A , 30) , and ( A . 3 l )

respectively.

Expressions (18) and (19) when normalized by 
~~ 

( 1~b
2 

)
kb nb Z

and evaluated as a function of are Only dependent on three parameters.

These are the strength of turbulence £ , the obscuration ratio 8 , and the

taper ratio S~ . For the non-focus ed case this would no longer be true.
2

Indeed , the results would also depend on the Fresnel number 
~ z and

- - Cthe ratio of the focal range to the propagation rang e —
~~~~~.

IV. Numerical Re sults

The expression for the short-term focus ed irradianc e profile

normalized by [ ~ (~~bZ
) ] for cases V = 1, 2 have been evaluated

numer ically. A representative example of the short-term irradianc e pro-

f ile for the trunca ted obscu red gaus s ian aperture distribution (V = 2) is

presented in Fig. 1 for 6 = a/b = 0. 5 and B~ b/~0 = 1. The curves in

this figure are shown for e = Zb/ p0 = 0. 1, 0. 25 , 0. 5, 1.0 , 2 .5 , 5.0 ,

7. 5, and 10. 0. For comparis on we have plotted, in Fig . 2 , the long -

term focused irradiance profiles for the same values of par amete r s used

in Fig. 1. From these and other calculated profile s the on -axis irradiance

and beam spread may be determined as a function of the strength of

turbulence. The on-axis irradiance values computed from the short-term,

long-term, and Fried’s short-term expressions are shown in Figs. 3, 4,

and S as a function of e.  [In Fig. 3, a uniform amplitude distribution

(V  = 1) with an obscuration of 0.5 was used to calculate the three on-axis

irradiance curves shown. A truncated gaussian amplitude distribution

(V = 2) with an obscuration of 0. 5 and a taper ratio of B0 = 1 was used

-16-
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Fig. 1 Normalized short term irradiance profiles for various
strength of turbulence values.
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in calculating the on—ax is i rradiances shown in Fig. 4 while for Fig. 5

a truncated gaussian w ith no obscuration and a gaussian intensity half-

width equal to one -fourth the aperture radius (i. e., = 4) was used].

This last case is similar to what would have been obtained for an inf inite

gaussian distribution with no obscuration. Note that Fig. 4 corresponds

to the cases presented in Figs 1 and 2. In Fig. 6 the short-term and

long-term turbulence induced beam spreads normalized to the € = 0

values (i. e., vacuum) are p lotted as a function of e for the sam e cases

considered in Figs. 1 and 2. The beam spreads are determined from

l/e of the maximum value of the irradianc e curves. Finally, in Fig. 7

we plot the improvement in on-axis irradiance due to tilt removal

~
1ST lILT ) as a function of the effective strength of turbulence 5eff for

• several different cases of 6 and The effective strength of turbulence

is defined as ~ for \‘ = 1 while for ‘V = 2 ~ D /p for ~ ~ 1 whereeff eff o o

the effective aperture diameter is that given by Ker r  (1 1)

/ -~~ /2\
11_-D 4c~~ i _ _ _ _eff o~~~/
\v 1 - e

From an analysis of the calculational results (see Fig. 3 - 5),

it was found that Fried’s approximation to the short-te rm MCF may be

used to determine the irradiance profiles for the case of a uniform

aperture distribution ( V  = 1). Excellent agreement was obtained when

using Fried’s MCF compared to tha t using the more exac t short-term

MCF for all cases conside r ed , i. e. 6 ~ 0. 5, ~ ~ 10. On the other

hand , it was found that the use of Fried’s MCF led to significant errors

in the irradiance profiles for the truncated gaussian aper tu re  dist r ibution
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(V = 2)  when t .~~ 2 and e0.~. 2. In fact for 2 and e ~ 7 , the use of

Fried’s MCF leads to negative irradiance values.

- In Fig. 6 it is seen that long - term beam spread increases in a

linear manner  with e with a break occurring near e = 7. This chang e in

slope is due to the large obscuration us ed for the case presented. The linear

dependence of long-term beam spread has been noted previousl y~
5
~.

On the other hand , the short -term averag e beam spread remains con-

stant , then increases slowly for  £ ~ 5. In fact , if a different  definition

of beam spread were used (i. e. , the position of the f i r st  minimum ) the

shor t - term beam spr ead would remain constant. This short- term

beam spread dependenc e on € has been seen for all cases considered

and is in contrast to Ref. 5 where a minimum in the rat io of short to

long-term beam spreads is exhibited. In Ref. 5, the shor t - te rm beam

spread was determined from the shor t - te rm lateral cohe rence length

obtained from Fr ied’ s approximation to the shor t - te rm MCF. In con-

t ras t  to this previous wo rk , we find that it is in general not possible

to characterize the short- term beam spread by an effective short-ter m

lateral coherence length (see below). We also find the recent phenomeno-

log ical analysis of beam spread presented by Kerr ~
1
~~ to be somewhat in

contrast  with the resul ts  obtained here.  Indeed , K e r r ’s results imply

larger on-axis irradiance values and smalle r beam spread ang les for c ~ 1.69

than for  the turbulence f ree  case.U Z )  Assuming that K e r r ’s resu l t s  app ly

onl y for c ,~~. 1. 7 , we are lead to beam spreads larger  (e. g . ,  factors of two

for large value s of e) than found in this paper. The present  anal ysis of

beam spread indicates that the beam center retains its shape and tha t

the excess energy has been scattered into large ang les by the smalle r

-2 5-
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scales of turbulence. The results then look like the turbulenc e f ree

irradianc e decreased by an extinction coeff icient  p lus the scattered

irradiance which  has only a weak angular dependence. The r efore as long

as the peak extincted irradiance is significantly large r than the pe ak

scattered irradiance, it is not possible to express the short- term beam

spread in terms of Z/kp0
ST

, where ~
0
ST is a so-called short-term

lateral coherence length. 
(5)

From Fig. 7 it is seen that the irradiance improvement obta ined

by tilt removal is maximized for 7. 5 
~ €eff ~ 10 for  the cases considered.t

The maximum improvement found was approximately 5. 62 for ‘~~ = 1.

This impr ovement decreased slowly as increased. Improvement in

irradiance for the obscured aperture  is less than that for the unobscured

cases with maximum improvement occurring at smaller L eff  values. This

is not surpr is ing for large obscurations sinc e a large portion of the co-

herent aperture has been degraded.

In this paper we have written down an expression for the focused

short - term irradiance profi le for a beam transmit ted th r oug h a tu rbu len t

atmosphere which is valid for a propagation range z <kL2. (Recall that f

is the smaller of the initial beam diameter D or the long -term spher ica l

wave coherenc e length. ) This expression is more exact but also it is more

difficult to calculate numerically than the results obtained by using Fried’s

approximation. 
(5) Fortunately it has been found that Fried’s approximation

can be us ed with good results to determ ine the MCF and therefore  i r r adian ce

profile s for weak to moderate tu r bulence , € ~ 5, and for gaussian aper ture

distributions that are strongly truncated, 2.

*Note that B = 0 indicates the uniform-illumination case. The existenc e of
a maximum in Fig. 7 doe s not imply the existenc e of a minimum in the ratio
of short term to long term beam spreads using the definition of beam spreads
given above.
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Finally, we have noted that the short-term average beam spread

doe s not inc r ease with € but rema ins constant. Obvious ly this does not

hold as e increases without bound , sinc e we have specified that z < k L 2.

Setting z = k p0
2,where p0 (. 545 C~

2 k2z)~
315 ( Ref. 5), implies that

545 = (k7
~’6 z l

~~~6)
_ 1  

or p0 = (z /k)~~
2 , where is the index of

refraction structure constant. This means that if the turbulence becomes

so strong (large C~
2 ) that p0 bec omes smaller than the f irs t  Fresnel zone

for the propagation rang e z or > kD2/z (the Fresnel number ) than the

above theory does not hold. When e > kD 2 /z then o ( p )  (see Eq. 5 and

following discussion) can no longer be set to unity and must be inc luded

* 
rigorous ly in the determination of D~

.
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APPEN DIX A

Calculation of the Modified Phase Structure
Function for Three Specific Aperture Functions

In this appendix, Eq. (1) is obtained from Eqs. (12) and (16) for

the Kolxnogorov spectrum and three amplitude aperture functions dis-

cussed in the text.

Since we have assumed that z <<kp
2, the phase structure function

becomes

D
0
(p) = 2 (p/p0)

513 
(A. 1)

where p0 is the long-term lateral coherence of a spherical wave 1ength~
2
~.

When p is made dimensionless as discussed Section III, Eq. A.l beccines

D
0

(p )  = 2 ~~~ p5”3 (A.2)

We consider three specific cases.

1) Uniform Aperture Amplitude Distribution W ith Truncation

And Obscuration

Here

W1(r ) = 1 a ~ Ir~ ~ b

=0 O~~~I r 1 < a (A.3)

In  >-b

where “b” is the aperture (truncation) radius, and a the obscuration radius.

First, Eq. (16) is rewritten as

D~f~ Th = D0
( p ) - X1(p) + ~

‘1 ~~~~~~~ ~~ - Y1 (p’; ~~) , (A.4) 

- - - - -
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where 
~~1,2 =~~~~ + f. and X1(p), Y 1(1, r1 2 ) is the 

second and third

term of Eq. (16), respectively. Substituting Eq. (A. 3)into Eq. (15)

yields *

_ __  
4 -l

A1 = 
~~ 

( 1  — 6 ) , (A. 5)
ub

where

6 = b/a

Upon substituting Eq. (A. 1) and (A. 3) into (A. 4) Y1 becomes

2 —~~~~~~ Z u b
y ( — ~~~~) = 

A1 p~ r
~ f f 7.  r l 

rdrde (A. 6)
r 1 0 a

Upon performing the angular integration, us ing the serie s expansion for

the Hypergeometric functionU Z ) , and expressing the results in term s of

dimensionless variables , Eq. (A. 6) becomes

5/3

~
‘
l~~~’ 

r1) = _ z (~f) ~~ 
•!i G1(r 1, 6) (A.7)

where

~~ (1 - o4)~~f  r 3 

1/3 ~~~~~~~~ ~ 
4 r r 1 

2)dr (A. 8)

~ 
(r~ + r) (r 1 + r)

and F is the Hypergeometnic function of the indicated variables. To proceed

further, Eq. (A. 8) must be evaluated nume rically

From Eqs. (16), (A. 1), (A. 3), and (A.4) we obtain

A 2 2 Zu b Zu b
X 1( p )  = 

1 p
513 ~~ ~ 

f f 7 . 7 ’ 17-7 ’I ~~ rdr r ’dr ’ d~~d~ ’
p0 O a O a *
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To evaluate this fourth degree integral a change of variables is

- ‘ r + rmade from r , r to the sum and differenc e coordinates TI = and

? 7-v’ respectively. The range of integration of ~ is over a circle

of radius 2b while the range of integration of iris over the overlap area

of two circles of radius “b” and obscuration radius “a” whose centers are

separated by a distance of ~~. Since the amount of overlap and obscuration

changes with ~~, Eq. (A. 9) is broken into four terms to account for the

differing dependence on ~~. These represent: 1) For 0 ~ ~ Zb, the

overlap area of two circles of radius b separ ated by a dis tance ~; 2) For

0 ~ ~ b + a, the removal of the obscuration areas from the two circles

of radius b (for ~ > b + a there is no obscuration within the overlap area

of two circles); 3) For 0 ~ ~ 2a , the addition of the overlap area of the

obscuration circles of radius a since this area was removed twice

(incorrectly) in 2 (there is no overlap of the obscuration areas for ~ > Za;

and 4) For b - a ~ ~ b + a, the addition of the obscuration areas outside

of the overlap area of the circles of radius b. Figure A- 1 is a geometric

representation of the integration area for the ¶ var iable. Note that in

Fig. A. 1-b the obscuration area is shown non-overlapped for  clarity.

~a) (bi Ic) Id)

Fig. A-i Geometric Representation of Aperture Overlap Area
for the Integration Variable 11
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From the above discussion and upon performing the angular integration in

rimmediately, X1 can be expressed in terms of dimensionless variables

(~ and TI divided by 2b and b, respectively) as

X1 = 64 TTb 8 A 1
2 tU)~~~ ~

1i + 12 + 13 + 14) (A. 10)

where the I
~ 
correspond to the terms discussed above and the corresponding

geometry is exhibited in Fig. A-i. The integration is over the double

crossed ha tched area in Fig. A- 1 through symmetry of the angular variables.

The relevant integrals I~ are g iven by

— l1 cos

‘1 = f ~8/3 d~~J def (112 _ 2 T j~~cose) 11d fl
H . 

0 ~ sece
( A .l 1 )

j~~~r (~
.) 

180 -

— Ill\ 47311

where by a change in variables TI is now centered in the left-hand circle of

Fig. A-i a and r represents the gamma function. The second integral appear-

ing in Eq. (A. 10) is given by

1+6

‘2 =-f ~8/3 d~J de I lldTI( 112 +2~11cose)

— (A.lZ)

— 
3u 4/ 1 +

— 6 2 /

where the variable 11 is centered in the right-hand circle of Fig. A-i .  b

and the integration is performed over the top right half obscuration area.

The third integral in (A. 10) is similar to the f i r s t  except that 0 ~ ~ 6. This

integral is

-33-
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g iven by

6 cos~~~~/6 6

= 5 ~8/3 d~ def (112 
- 211 ~cose)11d11

0 ~cose (A. 13)

— 
23/3

— 6

In order to analytically reduce the integral occurring in I4~ the

integration area in TL (Fi g. A - i d)  is broken into two terms described

schematically in Fig. A-2.

(a) AREA TO BE (b~ AREA IN (c) AREA BETWEEN
CONS I DERED SEGMENT EDGE OF APERTU RE

OF CIRCLE AND SEGMENT
BOUNDAR I ES — 

-

Fig. A-2 Schematic of the Integration Area for the fl
Variable in Fig. A-id

Using this division 14 is wri t ten as

1 + 6
2 

~~~8/3~~~
j

~~ 

{

~~~def (11
2 + 2~~flcose)T1d11

~ 1 
(A.l4)

-f def 
- llcose)TIaTI\

0 2~~sin~y c s c~
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where

~ cos ’( 1 - 52 ) , ~~~= ~o~~. 1( 1  + 4~~
Z 

o
2

) 
~ 

- e ,

The f i rs t  term in the integration over ~~is shown schematically

in Fig. A-2b (the origin of the 11 integration is at the c enter of the

obscuration circle ) and the second term is represented by Fig. A-2c ,

(th e origin of the il integration is at the center of the large circle).

On performing the inne r integrations, Eq. (A. 14) becomes

1 + 6

1
4 = ~

813 d~ T(~ ,~~,c~,CP) (A. 15)

where

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 16 ~
4sin4

Y ( c tn~~~
_ ctn~ + ctn 3-

~~~ ctn 3)
~~~

64 4 . 3 Icoscy Z 2 — 1
- sin #y 

~ 
2 (csc ~P - csc c~) + sin~ (ctn~D -  ctz~~)J ,

and ~~~ = - e. To proceed further, Eq. (A. 15) must be computed nurrieri-

cally. In terms of the dimensionless variable p ,  X ( p l  is then written as

X(p) -2 c1 €~ “~ p 2 (A. 16)

a- 

a -~~~ a - - a- - _ _ _ _ _ _ _ _ _
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where

C - 
2~~~ 4 f u

hl Z  r(~) 180 \ + 

23

1 
- u - 

~r( .~!~) 47311 /
(A.17)

1 + 6

~ ( 1+ 6)
11/ 3

84 5 ~
813 T(~ ,~~~~,~~) d~

]

From Eqs. (5), (12), (16), (A. 1), (A. 3), (A. 4), (A. 7), and (A. 17) the short—

term MCF for the uniform amplitude aperture distribution, in terms of

dimensionless var iables, is given by

5/3 5/3 2MST = exp - €  ( p  + C 1p

(A.18)
5/3

+ (-+) ~~ ~~~~~ 

G~~(r 1) -~~~~~~~
- ~~ G1 (r 2)]1

When Fried ’s approximation is made~
7
~, the sign of C 1 is changed

and is set to zero. However , the resulting expression does not agree

with the results found in Eq. (lO)Ref. 5. Referenc e 5 appears to be in-

correct due to two errors. The first is a calculational error in determining

Eq. (5)  Ref . 5 and the second is the replacement of p by pt and integration

of t from 0 to 1 in the determination of tilt removal to account for the

difference between plane and spherical wave propagation. Thi s effect had

already be accounted for in the long-term phase structur e function and was

included numerically into the long term phase coherence length p0. This

can also be seen by referring to Ref. 4 , Eqs. (26) - (28).

2) Gaussian Aperture Amplitude Distribution with T runcation

and Obscuration
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For this case the unnormalized aperture function is g iven by

2, 2
W2 e~~~’~o a~~~I r l~~~b

(A.19)

= 0 otherwise

where is a measure of the l/e point in irradiance. The normalization

is obtained from Eqs. (15)  and (A. 19) as

A2 = (u S  r
3 e

2
~~~~

dr)
~~

= e~~~ °~

2 

~e~~~)÷ e
680)

2
~ e~~~

]
/(ub

4~
o
4)

and the symbol B~ is used to represent b/~0
. Without going into as much

explanation as was used in presenting Eq. (A.7) and (A. 16) for the uniform

:ase , we write

G2(r1) ~~ 8~ [8~ (~
2e~~

5 
2

-e
’
~ +e~~

680)
2

_ e~~~]~~
(A.20)

(r  + r 1)”3 
e~~~

2
8~ 

F(~~ ~~~ ~~ 
( r + : )~~~~ 

dr

and

~~~ (6
2 
e~~~~°~ - e °) + e~~~

d 
- e

B0 
~ 

I~ (A.Z1)

The I~ terms represent integrals for which the integration area for

the TI variable is the sam e as that discussed above for Eqs. (A. 11) - (A. 15)

and Fig. A. 1). Different choices are made for the order of integration to

-37-
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analytically reduce the integrals . The r efore

~ 
~8/3 d~ e

0 ~[f /2~~~2~~~~~ 
(R~ + I 

- ~~ de] - 
11 

- ~2)~ (A. 22)

where

R1 = ~ cos~ + Jl - ~Z sin2 0

Equat ion (A. 2Z )  is equivalent to Eq. (A. 11) though an integration ove r
— l

has be en performed and a factor of -(4 $~ ) removed from the integral .

Further , the origin of the fl integration is at the center of the overlap area

of the two large circles in Fig. A-ia. The integral I~ has an 1) integration

over the overlap area of the obscuration and is found in a manner similar

to that used in obtaining Eq. (A. 22) (See Eq. (A. 13) and Fig. A-ic). The

results are 
*

I
1 f ~~

8/3 d~ e 
0

j[j

e
0
2(RZ +~~~~~~~2)d0]T(JZ~~~

2

)1 

(A.23)

where
Iz  2 2

R2 = - ~~cos0 + V S  -~~~~sin O

The integral  13 is calculated in a manner similar to that used in calculat ing

Eq. (A. 12) except that here a different aperture function W has been used

and that the dimensionless variable ~ is now integrated between 0 and

Ji + 362/2. The reason for this is that it is difficult to express an integral

for the obscuration area outside of the overlap area of the large circles

which is reducible anal ytically for ~ greater than ~~~~ 362/2 . This uppe r

limit in ~ is determined by the inter se c tion of the large circle with the

-38-
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obscuration circle such that ¶ (from the center of the overlap area) is

tangent to the obscuration circle at that point. With the angular integration

ove r IL performed (here from the center of the obscuration circle ) we

obtain

11+362
2 2 8  2 2

2 8/3 ~ 
-25 (11 -~~) 1~ 213 = ~~~~ J ~ d~ e 

~ J TIdfl e LTI Y~ ~~~~~ 
11~ )

0 0 (A.24)

_ 2~~11T1(4 B~ 11~)]

where 1. (x) = e
~~~I~ 

(x)  and I. (x) is modified Bessel function of order ~•
(1~2)

(Do not confuse I~ (x) with symbols I~ above). The integral 14 represents

the same quantity calculated in Eqs . (A. 14) and (A. 15) except that the upper

limit on ~ is Ii + 36 2/2 and that the origin of the iT integration is the center

of the overlap area. Upon performing the 11 integration we obtain

1 1 + 3 62 
2 2

14 ~
8”3 d~ e 0 5 d0 [(R~

2 
- 
.2 

+ _! .~~
-) 

e
260 1

~3 

(A. 25)

- R2 _~~
2 +~._~,~.

”
) e o 1

J
-1 0

where again a factor of (4B~~) has been rem oved and included in the constant

terms of Eq. (A.2 1)  and

R3 = ~ cos e + ha - ~
2sin28

(A. 26)
-l /sin y\

= sin 1% Z 1

z =  ~~~~~~~~~~~~
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Finally, for 1i+ 362/2 ~ ~ (1 + 8)/2 the integral 15 
corresponds to that

part of the obscuration area inside the overlap of the large circles. The

resulting integral, up on performing the 11 integration, is

1 + 6

1
5
= ~

8”3d~ e
0 dO 

[(R~ 
- ~

2 
+ _!~.) e

28
~~~~

11+ 362 0 
(A.26)a 2 2-ZB R

- ~~2 
+ _-!~

.) 
e ~

where R4 = -R2.

The MCF for this case is obtained from Eq. (A. 18) by replacing

G1, C1 by G~ 
and C2, respectively.

3) Infinite Gaus s ian Aperture Amplitude Distr ibution with

Semi-Gaussian Obscuration

The appropriate unnorrnalized aperture func tion that was used is

given by

2 2 /  2
= 

-r /b (~i - e r /a ) (A. 27)

where b represent the gaussian halfwidth.

This is an unusual aperture function and was chosen so that the

expression for the irrad iance profile (Eq. 19) is easily expressible in

terms of ~, ~~~~. For this aperture function the determination of the modified

phase structure function is simplified since the integrations occurring in

Eq. (A.4) are carried out over all space. The appropriate normalization
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constant A3, C3 and C3 are lis ted below

— 1

A3 = 2 [1 -2 (
~
)

4 
+ (

~
)
4] /(rrb4) (A. 28)

— 1

G3 (r l) = ~~~~~~ r (~~)[l - a(~~~ +(
~~

)
4
]

x 
[M(~~~

z. -r~~) .z(~~~~M(~,z, ~(i~!)) ~~~~~~~~~~~~ (A.29)

where M(a, b,x) is the confluent hypergeometric function~~
3
~ and

-2
C3 =~~~~~ 2 h 1’6 r ( .~~.)[l -

x ~~~~ (~)
4

(~.)r [~ .~~~~~2(l ~_~~)] + 4(~.)*T (A.30)

+ 24 
( f)

4 
(~) 

~~~~~ [ - 

2 

(1 - .
~

)] +(~
.)

In the above

1 _ i 1 1 1 1 1 1 2 1 1 3
- + 2 ’  7 + 

~~~ ~~ 
= + 7 - +

c b a d b Z a e b a f b 2a

1 1 d2 1 1 f2

g d 4a h f 4a

Again, C3, C3 are substituted for C 1, C1 in Eq. (A. 18) to obtain the short

term MCF.
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THE IVAN A. GETTING LABORATORIES

The Laboratory Operation . of The Aero space Corporatio n is conducting
experimental and theoretical invest igations necessary for the evaluation and

app lication of scientifi c advances to new military concept, and systems. Ver-

satility and flexibility have been developed to a high degree by the laboratory
personnel in deal ing with the many problems encountered in the nation ’s rap idl y
developing space and missile systems. Expertise in the latest scienti fi c devel-
opments is vital to the accomplishment of tasks related to these problems. The
laboratories that contribute to this research are:

Aerop hysics Laboratory : Launch and reentr y aerodynamics , heat trans .
fer , reentry physics , chemical kinetics , structural mechanics , fli ght dynamics .
atmosp heric pollution, and high-power gas lasers.

Chemistry and Physics Laboratory : Atmospheric reactions and atmos-
pheri c optics, chemical reactions In polluted atmosp heres , chemi cal reactions

• of excited species in rocket plumes , chemical thermodynamics , plasma and
laser-Induced reaction. , laser chemistry, propulsion chemistry, apace vacuum
and radiation effects on materials , lubrication and surface phenomena , photo-
sensitive materials and sensor., high precision laser ranging, and th. appli-
cation of physics and chemistry to problems of law enforcement and biomedLc~ne.

Electronics Research Laboratory : Electromagnetic theory, devices , and
propagation phenomena , including~~hsma electromagnetic.; quant um electronics ,
lasers , and electro.o pt ics; communication science. , applied electronics , semi -
conducti ng, superconducting, and crystal device physics , optical and acoustical
imaging; atmo.pheri c pollution; millimeter wave and far-infrared technology.

Materials Science. Laboratory : Development of new materia ls; metal
matrix composites and new forms M carbon; test and evaluation of grap hite
and ceramics in reentry; spacecraft materials and electronic components in
nuclear weapons environment; application of fracture mechanic , to str eS. coT-
rosion and fatigue -induced fractures in structural metals .

Space Sciences Laborato ry: Atmospheric and ionospheric physics , radia-
tion from the atmosphere, density and composition of the atmosphere , aur orae
and airg low; magnetosp heric physics , cosmic rays , generation and propagation
of plasma waves in the magnetosph ere; solar physics , studies of solar magneti c
fields; space astronomy, x-ray astronomy ; the effects of nuclear explosion s.
magnetic storms , and solar activity on the earth ’s atmosphere . lonospher , and
magnetosp here; the effects of optical , electromag netic , and particulate radia-
tions In .pace on space systems.

THE AEROSPACE CORPORATION
El Segund o. Californi a
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